Abstract-This paper is focused on probabilistic estimation for the attitude dynamics of a rigid body on the special orthogonal group. We select the matrix Fisher distribution to represent the uncertainties of attitude estimates and measurements in a global fashion without need for local coordinates. Several properties of the matrix Fisher distribution on the special orthogonal group are presented, and an unscented transform is proposed to approximate a matrix Fisher distribution by selected sigma points. Based on these, an intrinsic, global framework for Bayesian attitude estimation is developed. It is shown that the proposed approach can successfully deal with large initial estimator errors and large uncertainties over complex maneuvers to obtain accurate estimates of the attitude.
I. INTRODUCTION
Attitude estimation has been widely studied with various filtering approaches and assumptions [1] . One of the biggest challenges is that the attitude dynamics evolve on a compact, nonlinear manifold, namely the special orthogonal group. The attitude is often parameterized by certain three dimensional coordinates, and an estimator is developed in terms of these local coordinates. However, it is well known that minimal, three-parameter attitude representations, such as Euler-angles or modified Rodriguez parameters, suffer from singularities. They are not suitable for large angle rotational maneuvers, as the type of parameters should be switched persistently in the vicinity of singularities. Quaternions are another popular choice in attitude estimation [2] , [3] . They do not exhibit singularities, but as the configuration space of quaternions, namely the three-sphere double covers the special orthogonal group, there exists ambiguity.
Instead, attitude observers have been designed directly on the special orthogonal group to avoid both singularities of local coordinates and the ambiguity of quaternions. The development for deterministic attitude observers on the special orthogonal group includes complementary filters [4] , a robust filter [5] , and a global attitude observer [6] .
The prior efforts to construct probabilistic attitude estimators on the special orthogonal group and the relevant research have been relatively unpopular compared with deterministic approaches, especially in the engineering community. Probability and stochastic processes on manifolds have been studied in [7] , [8] . Directional statistics have been applied in earth sciences and material sciences [9] , [10] . Taeyoung Lee, Mechanical and Aerospace Engineering, George Washington University, Washington DC 20052 tylee@gwu. edu This research has been supported in part by NSF under the grants CMMI-1243000, CMMI-1335008, and CNS-1337722.
Earlier works on attitude estimation on the special orthogonal group include [11] , where a probability density function is expressed using noncommutative harmonic analysis [12] . This idea of using Fourier analysis on manifolds has been applied for uncertainty propagation and attitude estimation [13] , [14] , [15] . The use of noncommutative harmonic analysis allows a probability density function to be expressed globally, and the Fokker-Plank equation to be transformed into ordinary differential equations, thereby providing a fundamental solution for the Bayesian attitude estimation. However, in practice they may cause computational burden, since a higher order of Fourier transform is required as the estimated distribution becomes more concentrated.
Recent literature is rich with filtering techniques and measurement models developed in terms of exponential coordinates [16] , [17] , [18] , [19] . This is perhaps the most natural approach to develop an estimator formally on an abstract Lie group, while taking advantages of the fact that the lie algebra is a linear space. The limitation is that the exponential map is a local diffeomorphism around the identity element, and as such, the issue of a singularity remains.
This paper aims to construct a probabilistic attitude estimator on the special orthogonal group, while avoiding complexities of harmonic analysis and singularities of exponential coordinates. We use a specific form of the probability density, namely the matrix Fisher distribution [9] , to represent uncertainties in the estimates of attitudes. Therefore, the proposed approach can be considered as an example of assumed density filtering. To project the propagated density onto the space of the matrix Fisher distributions, an unscented transform and its inverse are proposed. Assuming that the attitude measurement errors are represented by a matrix Fisher distribution, it is shown that the posteriori estimation also follows the Fisher distribution.
These provide a Bayesian, probabilistic attitude estimator on the special orthogonal group in a global fashion. It is demonstrated that the proposed estimator exhibits excellent convergence properties even with large initial estimation errors and large uncertainties, in contrast to the attitude estimators based on local coordinates and linearization that tend to diverge for such challenging cases.
II. MATRIX FISHER DISTRIBUTION ON SO(3)
Directional statistics deals with statistics for unit-vectors and rotations in R n [9] , [10] . In particular, the matrix Fisher (or von Mises-Fisher matrix) distribution is a simple exponential model introduced in [20] , [21] . Interestingly, many of the prior work on the matrix Fisher distributions in 2016 American Control Conference (ACC) Boston Marriott Copley Place July [6] [7] [8] 2016 . Boston, MA, USA directional statistics are developed for the Stiefel manifold,
The configuration manifold for the attitude dynamics of a rigid body is the three-dimensional special orthogonal group,
This section provides the definition of the matrix Fisher distribution and several properties developed for SO (3) . Throughout this paper, the hat map:
T , andxy = x × y for any x, y ∈ R 3 . The inverse of the hat map is denoted by the vee map: ∨ : so(3) → R 3 . The set of circular shifts of (1, 2, 3) is defined as I = {(1, 2, 3), (2, 3, 1), (3, 1, 2)}.
A. Matrix Fisher Distribution on SO(3)
The probability density of the matrix Fisher distribution on SO(3) is given by
where F ∈ R 3×3 is a matrix parameter, and c(F ) ∈ R is a normalizing constant defined as
For SO(3), there is a bi-invariant measure, referred to as Haar measure, that is unique up to scalar multiples [12] . The above expression is assumed to be defined with respect to the particular Haar measure dR that is normalized such that SO(3) dR = 1. In other words, the uniform distribution on SO(3) is given by 1 with respect to dR. When R is distributed according to the matrix Fisher distribution with the parameter matrix F , it is denoted by R ∼ M(F ).
The singular value decomposition of F is given by
where U, V ∈ R 3×3 are orthonormal matrices, and S = diag[s 1 , s 2 , s 3 ] for the singular values s i > 0 and i ∈ {1, 2, 3}. Throughout this paper, we assume that
Let K ∈ R 3×3 and M ∈ SO(3) be the elliptic component and the polar component of F , i.e.,
Since tr F T R = tr V SU T R = tr SU T RV , the probability density p(R) is maximized when R = M for a fixed F . Therefore, the polar component M is considered as the mean attitude. The matrices S and U of the elliptic component determine the degree and the direction of dispersion about the mean attitude. More specifically, the probability density becomes more concentrated as the singular value s i increases. The role of S, U in determining the shape of the distribution will be discussed more explicitly at Section III.
While there are various approaches to evaluate the normalizing constant for the matrix Fisher distribution on the Stiefel manifold, only a few papers deal with the normalizing constant on SO(3). A method based on the holonomic gradient descent is introduced in [22] , which involves the numerical solution of multiple ordinary differential equations. The normalizing constant is expressed as a simple one-dimensional integration in [23] , but the given result is erroneous as the change of volume over a certain transformation is not considered properly. We follow the approach of [23] , to find a closed form expression of the normalizing constant.
Proposition 1
The normalizing constant for the matrix Fisher distribution (1) is given by
where (i, j, k) ∈ I, and I 0 denotes the zero degree, modified Bessel function for the first kind [24] , i.e.,
Proof: For brevity, the proof is relegated to [25] . This implies that the normalizing constant only depends on S, and the order of the singular values in S can be shifted.
B. Visualization of the matrix Fisher distribution
A method to visualize any probability density function on SO(3) has been proposed in [15] . Let r i ∈ S 2 be the ith column of a rotation matrix R, i.e., R = [r 1 , r 2 , r 3 ] ∈ SO(3), where the two-sphere is the space of unit-vectors in R 3 , i.e., S 2 = {q ∈ R 3 | q = 1}. The key idea for visualization is that r i has a certain geometric meaning of the attitude, namely the direction of the i-th body-fixed frame in the inertial frame. Once the marginal distribution for r i is obtained from a probability density function of SO(3), it can be visualized on the surface of the unit-sphere via color shading. If the distribution of each r i is mildly concentrated, the distributions of all of three body-fixed axes can be visualized at the single unit-sphere, thereby illustrating the shape of attitude probability dispersion intuitively.
Here we show that the marginal distribution for the matrix Fisher distribution can be obtained in a closed form.
Proposition 2 Suppose R ∼ F(M ). Let (i, j, k) ∈ I, and let r i ∈ S 2 be the i-th column of R. Then, the marginal probability density of r i is
with respect to the uniform distribution on S 2 , where f i ∈ R 3 denotes the i-th column of the matrix parameter F , and
where λ l [·] denotes the l-th eigenvalue of a matrix.
Proof: For brevity, the proof is relegated to [25] . 
III. UNSCENTED ATTITUDE ESTIMATION
In this section, an attitude estimation scheme is proposed based on the matrix Fisher distribution on SO(3). Assuming that the initial attitude estimate and the attitude measurement errors are described by certain matrix Fisher distributions on SO(3), we construct an estimated attitude distribution via another matrix Fisher distribution following a Bayesian framework. Therefore, this approach is an example of socalled, assumed density filters. Here, we propose an unscented transform to approximate the matrix Fisher distribution on SO(3) by selected sigma points, and based on this, we construct a Bayesian attitude estimator.
A. Unscented transform for matrix Fisher distribution
Suppose R ∼ M(F ). We wish to define several rotation matrices that approximate M(F ). This is achieved by identifying the role of the elliptic component and the polar component of the matrix parameter F introduced in (4). Consider a set of rotation matrices parameterized θ i ∈ [0, 2π) for i ∈ {1, 2, 3} as
where e i ∈ R 3 denotes the i-th column of I 3×3 . This corresponds to the rotation of the mean attitude M = U V T about the axis U e i by the angle θ i , where U e i is considered expressed with respect to the inertial frame.
Using (4), the probability density (1) along (8) is given by
Substituting Rodrigues' formula [26] , namely exp(θ iêi ) = I 3×3 + sin θ iêi + (1 − cos θ i )ê 2 i , and rearranging,
where j, k are determined such that (i, j, k) ∈ I.
The most noticeable property of (9) and (10) is that the probability density depends only on the singular values s i (11), (12) with σ = 0.9 are illustrated by white dots. and the rotation angle θ i , and it is independent of U or V . When considered as a function of θ i , the overall value of p(R i (θ i )) would increase as s i becomes larger, and the curve becomes narrower as s j + s k increases. For example, a larger s 1 implies that the marginal probability density of the first body-fixed axis increases, and the distributions of the marginal probability densities of the second axis and the third axis become narrower along the rotations about the third axis and the second axis, respectively, as illustrated in Fig.  1 
(c). Recall (8) is obtained by rotating the mean attitude M = U V
T about the i-th column of U . As such, each column of U is considered as the principle axis of rotation.
In short, the role of F = U SV T in determining the shape of the distribution of M(F ) is as follows: (i) the rotation matrix U sets the principle axis of rotations; (ii) the singular vales S describe the concentration of the distribution along the principle axes; (iii) the rotation matrix V determines the mean attitude M = U V T , together with U . In unscented transformations for a Gaussian distribution in R n , the sigma points are chosen along the principle axis. Motivated by this and the above observations, the following unscented transform is proposed for the matrix Fisher distribution on SO(3).
Definition 1 Consider a matrix Fisher distribution M(F ),
and let the singular value decomposition of F is given by (4) . The set of seven sigma points is defined as
where each angle θ i is chosen as
for (i, j, k) ∈ I. The parameter σ < 1 determines the spread of the sigma points, and
In other words, for a given parameter matrix F , the seven sigma points are chosen as the mean attitude, and positive/negative rotations about each principle axis by the angle determined by (12) . Note that each sigma point corresponds to a rotation matrix in SO(3). The equation (12) to select the rotation angle is motivated as follows. Substituting (12) into (10) , and taking logarithm, log p(R i (±θ i )) = σ(s T − log c(S)), for any i ∈ {1, 2, 3}. As such, the last six sigma points of (11) have the same value of the probability density, given by 1 c(S) exp(σs T ). The ratio of that probability density to the maximum density, 1 c(S) exp(s T ) is given by exp ((σ − 1)s T ) . Therefore, the last six sigma points will be closer to the mean attitude, when the distribution is concentrated with larger s i , or σ becomes larger. As σ → 1, all of the sigma points converge to the mean attitude. The sigma points for selected distributions are illustrated at Fig. 2 .
Next, we show that the set of sigma points is statistically sufficient.
Proposition 3 Suppose the seven sigma points defined in (11) and the parameter σ are given for M(F ). LetR ∈ R
3×3
be the arithmetic mean of the sigma points, i.e.,
Then, the singular value decomposition ofR is given bȳ
where U, V ∈ SO(3) corresponds to those of (4), and
Proof: For brevity, the proof is relegated to [25] . Therefore, for given sigma points, one can find the corresponding matrix parameter F as follow: (i) the matrices U, V are obtained from (14); (ii) solve (15) for (cos θ 1 , cos θ 2 , cos θ 3 ), which can be used to determine (s 1 , s 2 , s 3 ) from (12); (iii) F = U SV T .
B. Unscented Attitude Estimation
Consider a stochastic differential equation on SO (3),
where Ω z , w Ω ∈ R 3 are the measured angular velocity and the angular velocity measurement error, respectively. It is assumed that the value of Ω z is provided by an angular velocity sensor. The measurement error w Ω is random, but its distribution is known. Suppose that the attitude is also measured by a sensor, such as an inertial measurement unit, and the attitude measurement R z ∈ SO(3) is given by
where W R ∈ SO(3) is an attitude measurement error, and W R ∼ M(F z ) for a known matrix parameter F z ∈ R 3×3 . Consider a discrete time sequence {t 0 , t 1 , . . .}. The attitude estimation problem considered in this paper is to find the matrix parameter F k+1 that approximates the estimated attitude distribution at t = t k+1 via M(F k+1 ) for given F k , R z k and Ω z k with the assumption that R k ∼ M(F k ). Here, the subscript k denotes the value of a variable at t = t k .
The proposed estimator is composed of a propagation step and a measurement update step. a) Propagation: The propagation step is defined via the unscented transform as follows.
(i) Given F k , seven sigma points at t = t k , namely R l k for l ∈ {1, . . . , 7} are computed via (11) .
(ii) Each sigma point is propagated to t = t k+1 according to (16) . For example, a second order Lie group method can be applied [27] . The angular velocity measurements Ω z are from the sensor, and the measurement errors w Ω are sampled from the given distribution. (iii) Find F k+1 from the propagated sigma points R l k+1
according to the results of Proposition 3. These steps are repeated until an attitude measurement is available.
b) Measurement Update: Suppose that the attitude is measured at t k+1 . We wish to find the distribution for R k+1 |R z k+1 . From now on, in this subsection, we do not specify the subscript k + 1 for brevity. Since
where we have used c(RF z ) = c(F z ). According to Bayes' rule, the posterior distribution is
where a is a normalizing constant independent of R. Since R ∼ M(F ), from (18),
Therefore, the posterior distribution for R k+1 also follows a matrix Fisher distribution, i.e.,
IV. NUMERICAL EXAMPLE We implement the proposed approach to a complex attitude dynamics for a 3D pendulum, which is a rigid body pendulum acting under a uniform gravity. It is shown that a 3D pendulum may exhibit highly irregular attitude maneuvers, and we adopt a particular nontrivial maneuver presented in [28] as the true attitude and angular velocity for the numerical example considered in this section.
It is assumed that the attitude and the angular velocity are measured at the rate of 10 Hz and 50 Hz, respectively. The Fisher matrix for the attitude measurement error is chosen as F z = diag [40, 50, 35] , and the rotation matrix W R representing the attitude measurement error is sampled according to the rejection method described in [29] . The mean attitude measurement error is 10.46
• . The measurement error for the angular velocity is assumed to follow a normal distribution in R 3 with zero mean and the covariance matrix of diag[0.5 We consider two cases depending on the estimate of the initial attitude. For Case I, the initial matrix parameter is
where the initial mean attitude is M (0) = exp(πê 1 ), that corresponds to 180
• rotation of R true (0) about the first bodyfixed axis. It is highly concentrated, since S(0) = 100I is large. In short, this represents the case where the estimator is falsely too confident about the incorrect attitude.
The results of the proposed unscented attitude estimation are illustrated in Fig. 4 , where the attitude estimation error is presented, and the degree of uncertainty in the estimates are measured via 1 si . The estimation error rapidly reduces to 7.6
• from the initial error of 180 • after three attitude measurements at t = 0.3, and the mean attitude error afterward is 5.6
• . The uncertainties in the attitude increase until t = 0.3 since the measurements strongly conflict with the initial estimate, but they decrease quickly after the attitude estimate converges.
These can be also observed from the visualizations of M(F (t)) for selected time instances in Fig. 5 . Since the color shading of the figures is reinitialized in each figure, the value of the maximum probability density, corresponding to the dark red color, is specified as well. Initially, the probability distribution is highly concentrated, and it becomes dispersed a little at t = 0.08 due to the angular velocity measurement error. But, after the initial attitude measurement is incorporated at t = 0.1, the probability distributions for the second axis and the third axis become dispersed noticeably due to the conflict between the belief and the measurement. This is continued until t = 0.3. But, later at where the initial mean attitude has 90
• error, and it is largely diffused as S(0) = diag[2, 1, 0.5] is relatively small. This corresponds to the case with a large initial uncertainty.
The corresponding numerical simulation results are presented in Fig. 6 and 7 . Both the attitude estimation error and the uncertainty decrease over time, since there is no strong conflict between the measurement and the estimate as opposed to the first case. In Fig. 7 , it is illustrated that the estimated distribution becomes concentrated, especially after the first attitude measurement is received at t = 0.1. The presented cases for attitude estimation are particularly challenging since (i) the estimator is initially strongly confident about an incorrect attitude with the maximum error 180
• , or the initial uncertainty is large; (ii) the considered attitude dynamics is swift and complex; (iii) both attitude and angular velocity measurement errors are relatively large; (iv) the attitude measurements are infrequent. These correspond to the cases where attitude estimators developed in terms of local coordinates or linearization tend to diverge. It is shown that the proposed approach exhibits satisfactory, reasonable results even for the presented challenging cases.
